We consider an economic model with a deterministic money market account and a finite set of basic economic risks. The real-world prices of the risks are represented by continuous time stochastic processes satisfying a stochastic differential equation of diffusion type. For the simple class of log-normally distributed instantaneous rates of return, we construct an explicit state-price deflator. Since this includes the Black-Scholes and the Vasicek (Ornstein-Uhlenbeck) return models, the considered deflator is called Black-Scholes-Vasicek deflator. Besides a new elementary proof of the Black-Scholes and Margrabe option pricing formulas a validation of these in a multiple risk economy is achieved.
Introduction
The first rigorous mathematical derivation of the BlackScholes formula in [1] (see also [2] ) relies on a dynamic delta-hedge portfolio and a risk-free argument of noarbitrage. Later on [3] introduced state-price deflators, which led to the insight that deflator based market valuation using the real-world probability measure is equivalent to market valuation based on a risk-neutral martingale measure.
The present contribution focuses entirely on state-price deflators, which are summarized in Section 2. We consider in Section 3 an economic model that contains a money market account with deterministic continuous-compounded spot rates and a finite set of basic economic risks (interest rates, stocks and equity, property, commodities, inflation, currency, etc.). The real-world prices of these risks are represented by continuous time stochastic processes satisfying a stochastic differential equation of diffusion type. In the simplest situation of log-normally distributed instantaneous rates of return, which includes the Black-Scholes and the Vasicek (Ornstein-Uhlenbeck) return models, we construct in Proposition 3.2 the so-called Black-Scholes-Vasicek (BSV) deflator.
The application of the BSV deflator to option pricing follows in Section 4. Besides a new elementary proof of the (slightly extended) Black-Scholes formula it provides a validation of it in a financial market with multiple economic risks. The same holds true for Margrabe's formula for a European option to exchange one risky asset for another one.
Valuation with State-Price Deflators
Let   , , F P  be a probability space such that  is the sample space, which describes the states of the world, F is the  -field of events, and P is the probability measure assigning to any event E in F its probability 
The Black-Scholes-Vasicek Deflator for Multiple Economic Risks
We suppose that the economic model contains 1) A deterministic money market account
where   , , 0 , R s t s t   are the deterministic continuous-compounded spot rates. The price at time s of a zero-coupon bond paying one unit of money at time t (that corresponds to the money market account) is defined and denoted throughout by
2) A finite set of m economic risks (interest rates, stocks and equity, property, commodities, inflation, currency, etc.), which are measured by indices. The continuous instantaneous change in each index defines a financial instrument , 1, , 
where the instantaneous rate of return
is assumed to follow a diffusion process
 the instantaneous standard deviation, and
a standard Wiener process. The standard Wiener processes are correlated such that
The correlation matrix is denoted by   ij C   and we assume that it is a valid correlation matrix, i.e. it is positive semi-definite. In general, it is still possible to construct a valid correlation matrix that approximates with respect to a given norm a given invalid correlation matrix (e.g. [4] for the spectral decomposition method). The real-world prices of the financial instruments (1) at a time 0 t  given the information at a previous time 0 s t   can be expressed using an exponential function of a stochastic integral as follows.
Proposition 1 The real-world prices of the financial instruments
The result follows through application of the bivariate version of Itô's Lemma (e.g. [5] , Section 2). □ For simplicity, and to describe the main features in an analytical way, we restrict the attention to either BlackScholes return processes
property, commodities, inflation, currency, etc.). In both cases the return differences 
Vasicek return model
In this situation Proposition 1 yields the following equalities in distribution 
To define a state-price deflator the stochastic processes (9) and (10) must satisfy the martingale conditions 
Proposition 2 (BSV deflator) Given is a financial market with a risk-free money market account and m economic risks that have log-normal real-world prices (9) . Assume a non-singular valid correlation matrix C with non-vanishing determinant. Then, the BSV deflator (10) is determined by 
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Insert (14) into (15) 
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The Black-Scholes and Margrabe Formulas in a Multiple Risk Economy
We begin with an elementary result in probability theory.
Suppose that the random vector   , , , ,      such that the standardized random vector
has a standard bivariate normal distribution with correlation coefficient  . 
with ) (x  the standard normal distribution. Proof. The derivation is left as exercise. □ The formula (20) is the unifying mathematical content leading to the (slightly extended) European call option formula by [6] (Theorem 1) (see also [7] [8] [9] ) and the (slightly extended) formula by [10] for pricing the exchange option (Theorem 2). Both formulas are validated within a multiple risk economy.
Theorem 1 (Black- 
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Through elementary algebra one sees that (use the definition of 
